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Inverse Radiation Problem for Determination
of Optical Constants of Fly-Ash Particles
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In this paper, a technique for determining the optical constants of fly-ash
particles from spectral transmittance measurements is presented. Combined
with the precise Mie theory and the Kramers–Kronig (KK) relation, the
complex refractive index was estimated by the spectral transmittance distri-
bution of a cloud of fly-ash particles in potassium bromide (KBr) pellets.
The unique and multi-value problems are thoroughly investigated. Particu-
lar attention is given to the error analysis of the inverse procedure includ-
ing the influence of the experimental precision, the numerical simulation of
the KK relation, scattering theory, and the single-scattering approximation.
Good agreement was obtained between the inverse simulation results and the
known optical properties of ash particles available in the literature. At the
same time, an experimental analysis for two kinds of ash particles is also pre-
sented, and their spectral complex refractive indices in the range (1.0–25 µm)
are determined by the inverse model used in the present work.

KEY WORDS: fly-ash particles; inverse radiation problem; optical properties;
transmittance measurements.

NOMENCLATURE
A(ν) A(ν)= i x−3S0 = Ar(ν)+ i Ai(ν), complex function,

which is satisfied with KK relations
D particle diameter (m)
fv(D) particle volume fraction distribution function (µm−1)
g asymmetry factor
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hw photon energy, hw =1.24/λ (eV)
I radiative intensity (W·m−2·sr−1)
L path length (m)
m m =n − ik, complex refractive index
N number density of particles (µm−3)
Pn nth Legendre polynomials
P(D) size distribution function (µm−1)
Qe extinction efficiency
S0 scattering amplitude function for the forward direction
x x =π D/λ, size parameter of particle
λ wavelength (µm)
ν frequency (Hz)
κ extinction coefficient (m−1)
κa absorption coefficient (m−1)
κs scattering coefficient (m−1)
τ transmittance of particle suspensions
Φ scattering phase function
ω single-scattering albedo
Ω solid angle

Subscripts
l low frequency
h high frequency
ν monofrequency

1. INTRODUCTION

There are various particles in a broad range of applications, such as
astrophysics, geophysics, optics, electromagnetics, microphysics, biology,
colloidal chemistry, acoustics, military science, etc. Thermal radiation from
particulate-dispersion media often plays an important role in industrial
applications involving fluidized beds, oil and gas-fired furnaces, radiative
burners, solid propellant rockets, gas turbine combustors, and internal
combustion engines [1]. Dombrovsky [2] reviewed the radiation heat trans-
fer in a cloud of these particles and provides important insights into the
complexities and subtleties about a dispersed system with particles. An
analysis of thermal radiative heat transfer in these applications or sys-
tems requires accounting for the effects of particulates, such as char, soot,
and fly-ash, which are present in the system as combustion products [3].
Especially, the fine fly-ash carried in the combustion gases of furnaces
fired with pulverized coal has a dominant influence on radiative transfer.
Also, numerical studies of radiative heat transfer in coal-fired systems have
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indicated that fly-ash may play an important role both by contributing to
the radiative emission and by impeding the transport of flame radiation to
the walls through scattering [4]. For this reason, it is necessary to have a
knowledge about the radiative properties of such particles.

However, the predicted effects of fly-ash on heat transfer are strongly
dependent on ash absorption and scattering coefficients used in the cal-
culations. And these coefficients and scattering phase functions can be
calculated from complex refractive indices (or optical constants). Thus,
the complex refractive indices of particles are the basic parameters for
investigating the characteristics of radiative heat transfer in the systems of
interest. Meanwhile, in order to determine ash or soot particle sizes and
concentrations from in situ laser light scattering and extinction measure-
ments, the refractive indices of the particles are usually determined at the
known conditions. The most important limitation of optical ash or soot
characterization techniques is the uncertainty in the refractive index of ash
or soot [5]. The use of different, yet reasonable, values of the index can
lead to sizes that differ by 30% and concentrations that differ by a factor
of three [6]. Similarly, the accuracy of radiative heat transfer calculations
is degraded due to uncertainties in the spectral variation of the refractive
index as well as its absolute value [7].

Control of industrial processes involving various particulate materi-
als and also an analysis of the internal structure of such materials require
knowledge of the refractive indices of the materials as a function of the
emitted wavelength. The production of soot and ceramic aerosols of spec-
ified sizes and shapes as well as the fine particle control in the electronics
industry require reliable methods for determining the optical properties of
the particulates [8]. Thus, from the viewpoint of the industrial applications
above, especially those concerned about the accurate simulation of radia-
tive heat transfer, investigation of the optical constants of particles is of
particular importance. The optical constants of particles are prerequisites
for all further research on radiative heat transfer in the media of interest.

However, the complex refractive index of particles cannot be mea-
sured directly; it can only be calculated with the help of some experimen-
tal data and a corresponding inverse model. Over the last two decades,
many theoretical models for determining the refractive indices of fly-ash
particles have been developed and improved. A large number of inves-
tigations are available which are devoted to techniques to retrieve the
optical constants of particles. For example, Gupta et al. [9] investigated
the optical properties of the fly-ash thoroughly, repeated in situ measure-
ments with great precision, and made laboratory measurements on fly-ash
from different coals. As they pointed out, the differences of the avail-
able absorption index of fly-ash are due to the unburned char present



Optical Constants of Fly-Ash Particles 1325

in the furnace. Goodwin et al. [10] calculated the radiative properties of
fly-ash polydispersions, allowing for realistic wavelength-dependent optical
constants that are taken from the optical constants of homogeneous bulk
samples with compositions similar to those of fly-ash particles. Meanwhile,
various combinations of experimental techniques have been employed to
deduce the complex refractive indices, such as reflectance measurements,
angular light-scattering measurements, and spectral transmittance mea-
surements. Compared to other methods, the transmission technique applies
to a wider range of particle sizes, makes the sample closer to that of a par-
ticulate nature, and requires relatively simple experimental instruments. It
shows promise in the refractive index determination for a wide range of
particulate materials.

Some researchers have reported complex refractive indices of various
types of carbon and ash particles deduced from transmittance measure-
ments on dilute liquid suspensions of the particles or solid pellets. For
example, Jernings et al. [11] presented a method that took advantage of a
transmittance spectrum to determine directly the absorptive index of the
complex refractive index. For a small size parameter and dilute particle
suspensions, the scattering of particles was neglected. Lee and Tien [7]
established a combination of the Mie scattering theory and the Drude–
Lorentz dispersion model to deduce soot optical properties from in situ
flame transmission data of a diffusion flame. Ku and Felske [12] presented
a transmission method based on Rayleigh approximate scattering theory,
and constructed a complex function, A(ν), that satisfied the dielectric dis-
persion Kramers–Kronig (KK) relation. But this approximation is only
assumed to be accurate for a size parameter x up to 0.3. In subsequent
work, Felske and Ku [13] proposed a technique to determine the spec-
tral refractive indices, the size, and number density of soot particles from
light scattering spectral extinction measurements in flames. Yu et al. [14]
adopted a simplified Mie scattering theory to extend the applicable size
parameter range to 0.7. Ruan et al. [15] presented a transmittance tech-
nique combined with Mie theory to investigate the radiative properties of
particles and bulk material. Recently, Chen et al. [16] proposed a novel
method for predicting the optical constants and the radiative properties of
metals and heat mirror films by introducing an expression for the damp-
ing frequency in the Drude model. Dombrovsky et al. [17] studied exper-
imentally the absorption spectra of several types of diesel fuel for which
the refractive index is calculated using the substractive KK analysis. The
radiative properties of diesel fuel droplets were calculated using the Mie
theory and a simplified approach, based on approximations of absorption
and scattering efficiency factors, which are sufficient for practical applica-
tions in the visible and infrared ranges. Ayranci et al. [18] developed an
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inversion scheme based on tomographic reconstruction of flame emission
spectra for in situ characterization of soot temperatures and volume frac-
tion fields within an optically thin axisymmetric flame by extracting char-
acteristic information on the soot refractive index from spectral gradients
of emission spectra.

In this paper, a technique is presented such that the complex refrac-
tive indices of particles are deduced from the measured transmittance spec-
trum of a dilute monodispersion by use of the precise Mie theory and
the Kramers–Kronig relation. The model has high precision, good adapt-
ability, and a wide range of applications. The emphasis of this paper is
the investigation of the unique and multi-value problems of the com-
plex refractive index which is more important for the inverse model.
The detailed theory and numerical simulation of the inverse model are
described in Sections 2 and 3, respectively. Then, after describing in detail
the effect of the primary errors on the accuracy of the refractive indices
in Section 4, the experimental results and calculations for some ash parti-
cles have been reported in Section 5. The main conclusions and ideas for
future research are summarized in Section 6.

2. THEORETICAL ANALYSIS

2.1. Transmittance for a Cloud of Particles

The governing equation for radiative transfer in a cloud of ash parti-
cles is as follows:

d Iν
ds

=−(κaν +κsν)Iν +κaν Ibν + κsν

4π

∫
Ωi

Iν(Ωi )Φν(Ω,Ωi )dΩi (1)

For a room-temperature optically thin cloud, the monofrequency trans-
mittance τv of dilute particle suspensions of collimated incidence can be
expressed as follows:

τν = exp(−κν L) (2)

where L is the path length and κν = κa + κs is the monofrequency extinc-
tion coefficient that can be expressed as

κν = N
∫ Dmax

Dmin

1
4
π D2 P(D)Qe,ν(m, x)d D =1.5

∫ Dmax

Dmin

Qe,ν(m, x)
fv (D)

D
d D

(3)

where m = n − ik is the complex refractive index of the particles, N is
the number density of the spheres, P(D) is the size distribution function,
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fv(D) is the particle volume fraction distribution function, x = π D/λ =
π D ν/c is the size parameter of a particle at a wavelength λ (frequency ν),
and D is the particle diameter. According to Mie scattering theory, the
monofrequency extinction efficiency can be expressed as

Qe,ν(m, x)=4Re {S0(m, x)} x−2 (4)

where the symbol Re denotes the real part of a complex number and S0
is the scattering amplitude function for the forward direction. The extinc-
tion efficiency for a monodispersion of spherical particles has a relation-
ship with the transmittance of a cloud of particles as

Qe,ν =− 4
π D2 N L

ln τν (5)

So when x and other geometrical parameters of the cloud are known, the
complex refractive index of particles has a relationship with the transmit-
tance of the cloud. However, m is a complex number with two variables,
the refractive index n and the absorption index k, so an additional condi-
tion is needed.

2.2. Kramers–Kronig Relation

Let A(ν) be a complex function, which is satisfied with the Kramers–
Kronig (KK) relation [17,19];

A(ν)= i x−3S0 = Ar(ν)+ i Ai(ν) (6)

It should be noted from Eq. (4) that

Ar(ν) = Re(A(ν))=−Im(S0)x−3 (7a)

Ai(ν) = Im(A(ν))=Re(S0)x−3 = Qe,ν/4x =− 1
π D2x N L

ln τν (7b)

The symbol Im denotes the imaginary part of a complex number. Accord-
ing to the KK relation,

Ar(ν)= 2
π

P
∫ ∞

0

ηAi(η)

η2 −ν2
dη (8)

where the symbol P denotes the Cauchy principal value of the integral.
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2.3. Inverse Model

The complex function y is defined as

y(x,m, ν)= Ar(ν)+ i Ai(ν)− i x−3S0 =0 (9)

We can obtain Ai from τν by Eq. (7b), then Ar from the KK relation-
ship in Eq. (8). Then we can calculate the complex refractive index m by
solving this nonlinear complex function for definite x and ν. S0 is a com-
plex function; in solving this function, Refs. 12 and 14 took advantage of
the Rayleigh approximation and the simplified Mie approximation, respec-
tively. In this paper, the Mie scattering theory is used directly to solve S0
without any approximation [20].

3. NUMERICAL SIMULATION

3.1. Solution of KK Relation

The experiment data can be measured only in a finite frequency range
[vl, vh], however, there is a Cauchy integral over all frequencies in the KK
relation, so the finite data must be extrapolated into both high (vh,∞) and
low frequency (0, vl) regions. According to dispersion theory,

lim
ν→0

Ai(ν)=Clν, lim
ν→∞ Ai(ν)=Ch/ν3 (10)

where Cl and Ch are material constants. If the spectral range of the mea-
sured data is sufficiently wide, we can obtain approximate formulas as fol-
lows:

0<ν <νl, Ai(ν)=Clν

νh <ν <∞, Ai(ν)=Ch/ν3 (11)

where Cl = Ai(νl)/νl and Ch = Ai(νh)ν3
h. Thus, the measured data over a

finite range can be extrapolated to all frequencies.
The extrapolated formulas, which are based on data in a finite range,

must introduce some errors. Thus, the subtractive KK (SKK) relations are
adopted [17];

Ar(ν)= Ar(0)+ Arl + Arh + 2ν2

π
P

∫ νh

νl

Ai(η)

η(η2 −ν2)
dη (12)

where
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(a) Arl, Arh are integral results in the lower and higher extrapolated fre-
quency ranges, respectively,

Arl(ν) = νCl

π
ln

(
ν −νl

ν +νl

)
(13a)

Arh(ν) = ν3Ch

π

{
ln

(
νh +ν

νh −ν

)
+ 0.6667ν3

ν3
h

− 2ν

νh

}
(13b)

(b) the integral in the experimental range [νl, νh] is

P
∫ νh

νl

Ai(η)

η(η2−ν2)
dη=

(∫ νh

ν+
ν

+
∫ ν−
ν

νl

)
Ai(η)

η(η2−ν2)
dη+

∫ ν+
ν

ν−
ν

Ai(η)

η(η2 −ν2)
dη

(14)

for η=ν, and there is a singular point. The integral in [ν −
ν, ν +
ν] is
calculated by the Cauchy principal value of the integral (
ν is one micro-
interval), according to the Hilbert transform,

P
∫ ν+
ν

ν−
ν

Ai(η)

η(η2 −ν2)
dη= Ai(ν +
ν)

(ν +
ν)(2ν +
ν)
− Ai(ν −
ν)

(ν −
ν)(2ν −
ν)

(15)

We take advantage of the composite Simpson method to calculate the inte-
gral in [νl, ν −
ν] and [ν +
ν, νh].
(c) Determination of Ar(0)

Ar(0) is a material constant. According to the Lorentz–Drude multi-
oscillator model, for dielectric materials such as ash or coal, 0< Ar(0)<1.
Based on the complex refractive index of ash given in Ref. 21, the precise
Ai(ν) can be calculated by Eq. (7b) for different selected diameters of par-
ticles. Then, for Ar(0)=0, Ar(ν) can be simulated by the SKK relation of
Eq. (12). Meanwhile, a precise Ar(ν) can be obtained from Eq. (7a). The
standard deviation and average absolute error between the SKK relation
simulating Ar(ν) and precise results are shown in Table I. It indicates that
a suitable Ar(0) is about 0.133. The results indicated that a suitable value
of Ar(0), for which both the real and imaginary parts are rational (such
that both are positive values), is in a very narrow range.

By the above three steps, Ar(ν) can be determined. When Ar and Ai
are determined, we can solve complex Eq. (9) to determine the complex
refractive index. In this paper, an improved intercept method for solving a
complex function is adopted. This method has some advantages: no need
for the derivative of the function, easy convergence, a wide selection of ini-
tial values for iteration, etc.
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Table I. Error in Ar(ν) Simulation Using the SKK Relation with Ar(0)=0

D (µm) 0.1 0.5 1.0 2.0 3.0 5.0
Standard
deviation 0.1333 0.1328 0.1351 0.1384 0.1384 0.1361
Average
absolute error −0.1330 −0.1324 −0.1349 −0.1382 −0.1392 −0.1360

3.2. Uniqueness of Solution

One of the key methods for solving an inverse problem is to deter-
mine the suitable uniqueness range. Because of the complexity of the func-
tion Ar(ν), multiple solutions of (n, k) may satisfy the same transmittance
at each frequency by solving the complex equation. However, the com-
plex refractive index of a particle is unique; thus, the uniqueness range
of a solution must be considered first. For a given size parameter x , the
complex equation y is controlled by Ai and Ar . If Ai and Ar are given,
and only one m is determined, the solution is called unique; otherwise, the
solution is multi-valued. For a given size parameter, the contour chart of
Ai and Ar is shown in Fig. 1, whose coordinates are the real index n and
the imaginary index k.

For small x , both Ai and Ar varied with n and k smoothly and, obvi-
ously, there is only one crossing point between the two contour curves of
Ai and Ar . It indicates that a unique m can be calculated for a given
Ai and Ar . However, for large x and small k, Ai and Ar varied with n
sharply, and there are several contour curves of Ai or Ar with the same
value, and several crossing points along the contour curves of Ai and Ar .
It indicates that multiple values of m can be obtained for the same Ai and
Ar . Meanwhile, the iterative initial value for solving the complex equa-
tion can influence the results. When the initial value is near the true solu-
tion, a suitable value can be approached, even in the multi-value region. In
order to avoid multi-values, the solution is started from a low frequency,
at which the size parameter is sufficiently small to satisfy the unique-
ness condition. Then the solved value (n, k) is treated as the initial value
at the neighboring higher frequency. If the initial n and k have already
approached the true value, rational results can be obtained for the con-
tinuity of n and k. Thus, the uniqueness character of the first calculated
point is important. For example, we assume the diameter of a particle is
2 µm and the lowest frequency is 2.30607×1013 Hz; the size parameter is
0.4833, and thus it can satisfy the unique solution.



Optical Constants of Fly-Ash Particles 1331

0.979

0 6. 47

0.314

-0.018

-0.350

0.480

0.314

0.148

0.
81

3

n

k

0.5 1.0 1.5 2.0 2.5

0.5

1.0

1.5

2.0

x=0.5
2.0

x=1.8

0.314

.0 286

0.231

0.148 0.314 0.
28

6

n

k

0.5 1.0 1.5 2.0 2.5

0.5

1.0

1.5

2.0

x=2.5
0- .043

-0.001

-0.086

0.042

-0
.0

01 -0.0430.085

x=2.5

-0.030

-0.013

0.005

-0.013 -0
.0

130.022

0.1
48

0.134

0 1. 30

0.0
93

0.116

.0 31 0

0.134 0.
13

0

n

k

0.5 1.0 1.5 2.0 2.5

0.5

1.0

1.5

2.0

x=5.0

-0.165

-
.0026

0.044

0.114

0.184 0.
04
4

0.
54
3

0.4
84

1.5
0.423

k 0.1.0 379

0.314

0.5

0.148 0.
48

4

0.543

n
0.5 1.0 1.5 2.0 2.5

Fig. 1. Contour lines about Ar and Ai. Ar: —; Ai: - - - -.

4. ERROR ANALYSIS

The error analysis of a model is especially important to optimize the
theory and experiment. Thus, the influence of several aspects on the pres-
ent numerical model is thoroughly analyzed in this section. There are three
steps in the simulation model: (a) calculating Ai by experimental trans-
mittance, (b) calculating Ar using the KK relation, and (c) calculating S0
using the Mie scattering theory and solving the complex equation y. There
is almost no error in step c if both Ai and Ar are precise. The error in
the theoretical model is mainly introduced by the errors in Ai and Ar .
In the following sections, the complex index of ash [5] is adopted for the
direct problem to calculate the extinction efficiency of particles with the
Mie theory. Then they are treated as “experimental data” to substitute
into our inverse model. Some errors were introduced artificially to analyze
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the precision of our model. Because of the large value of the frequency
ν, the photon energy (hw=1.24/λ eV, λ is the wavelength (µm)), which is
proportional to the frequency, is employed instead of the frequency ν.

4.1. Influence of Ar

When both the complex index and size parameter are known, a pre-
cise Ai and Ar can be calculated with Eq. (5). By substituting them into
our inverse model, a precise complex index can be obtained exactly, which
indicates that the third step of our model is reliable. Thus, the error in our
model is due to errors in Ai and Ar . We take a precise Ai and introduce
an absolute error in Ar ; the result is shown in Fig. 2. From this result, it
can be seen that the error in Ar introduces an error in both n and k. When
the absolute error for Ar is the same over the whole spectrum, the absolute
error in n is almost the same over the whole frequency range. Positive errors
in Ar introduce positive errors in n, negative ones introduce negative errors,
and the two errors are approximately directly proportional. However, there
is no obvious relation between the error in Ar and that in k.

4.2. Influence of Ai

This time, we take a precise Ar and introduce an absolute error in Ai ;
the inverse results are shown in Fig. 3. From these results, we can see that
an error in Ai introduces only an error in k. When the absolute error in
Ai is the same over the whole spectrum, the absolute error in k is almost
the same over the whole frequency range. Positive errors in Ai result in
positive errors in k, negative ones introduce negative errors, and the two
errors are approximately directly proportional. However, almost no errors
in n are introduced from errors in Ai . With an increase in the error in Ai
when the relative error in k is about 1000%, the maximum relative error
in n is only about 0.4%.

4.3. Influence of KK Relation

Because of the limitation of experiments, an extrapolation formula for
the experimental data must be applied for calculation of the KK relation.
For reducing this error, the subtractive KK relation is employed, but the
error cannot be avoided. The influence of this error on the inverse model
is analyzed in this paper. The extinction efficiency of a particle (D =1µm)
is calculated by means of the known complex refractive index of ash. Then
we treat it by substituting the experimental data into our inverse simula-
tion model. The results are shown in Fig. 4. For comparisons, the known
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Fig. 4. Comparison between this model and the simplified method.

complex refractive indices and those calculated by the Rayleigh approxi-
mation model and simplified Mie scattering model are shown in this figure
as well. It is worth noting that the precision of our model is higher than
that of the other two models. Because the “experimental data” are precise
(Ai is precise), the error can be only introduced from calculations using
the KK relation (error in Ar ).

4.4. Influence of Experimental Error

Except for the errors in the calculations discussed above, the error
in the experiment is another factor that influences the precision of our
model. In addition to the error in Ai introduced by neglecting multi-
scattering, the measurement error is another primary error source. Dur-
ing the experiment, several factors must be considered to minimize the
errors, including the particle concentration of the cloud, the thickness of
the presser bit, the diameter of the particles, the transmittance of the
cloud, etc. Although there are some errors in each step, the last one is the
major experimental error. Because Ar is calculated from Ai by the KK
relation, an error in Ai must induce an error in Ar . So the experimen-
tal errors induce errors in both Ai and Ar . If other parameters are pre-
cise, the relative error of transmittance and the absolute error in Ai have
the following relation: 
Ai = ln(1+ δ τ)≈ δ τ . In our calculations, first, we
assume an absolute error in Ai , which is treated as an error of transmit-
tance, then substitute Ai into the KK relation to calculate Ar , and finally,
to calculate the complex refractive index. The results of our inverse simu-
lation model are shown in Fig. 5.
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Fig. 5. Influence of transmissivity error on complex refractive index.

4.5. Influence of Multi-scattering

The inverse model is based on the assumption that multi-scattering is
negligible. However, when the concentration of the cloud of particles and
the scattering albedo ω are sufficiently large, this assumption will intro-
duce some error. In fact, the relationship between the transmittance of the
cloud and the extinction efficiency cannot be expressed simply as Eq. (1).
The transmittance of the cloud has a relationship with not only the optical
thickness, but also the scattering albedo and the scattering phase function
of particles. So the assumption will introduce an error in calculating the
extinction efficiency (error in Ai). The transmittance of a slab with multi-
scattering particles is simulated by the Monte-Carlo model; the results are
shown in Fig. 6, and those of a single-scattering model are also shown in
this figure. In the high frequency range, both the size parameter and the
scattering albedo of particles are large; thus, neglecting the multi-scattering
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will introduce some transmittance error, which is also related to the con-
centration of the particles. With an increase in concentration, the error
increases as well. In the low frequency range, two results are nearly identi-
cal for a small size parameter and scattering albedo, and it is reasonable to
neglect the influence of multi-scattering in this range. In the meantime, a
low concentration of particles in a cloud and a small cloud geometry size
can also reduce the influence of multi-scattering. So, maintaining a dilute
particle suspension is very important. To reduce the error introduced by
a single-scattering approximation, a modified single-scattering method is
employed, in which the equivalent extinction efficiency Qe,d = (1−ωg)Qe,
instead of Qe, is used where ω is the scattering albedo and g is the asym-
metry factor. The parameters used in the calculations are as follows: the
thickness of a slab is 0.6 mm, the diameter of the particles is 1 µm, and
the range of the size parameter is [0.242, 5.712]; ω and g are shown in
Fig. 7.

5. COMPLEX REFRACTIVE INDEX OF FLY-ASH

5.1. Experiment

In infrared spectrum analysis, the preparation and treatment of the
test sample is extremely important. An unsuitable sample scheme cannot
yield satisfactory results, even though the testing instrument is among the
most reliable. The test sample in common use includes a pressed disk, liq-
uid cell, or thin film. In our experiment, we employed the pressed disk
method.

Because potassium bromide (KBr) is a nearly transparent medium in
the infrared region, it is usually used as a spectrum medium in experi-
ments. In our experiment, the pressed disk is made of a mixture of ash
particles and KBr powder. Details of the experimental preparation and
measurement procedure are given below:

(a) If the size of the KBr particles is not sufficiently small, the transpar-
ency of the pressed disk cannot be guaranteed. First, the powder of
optically pure KBr must be lapped to produce a fine powder.

(b) Because a small size parameter can maintain the uniqueness of a solu-
tion (the smaller the diameter of an ash particle, the better), the diam-
eter can reach 1–2 µm by means of lapping. A stereoscan photograph
of the samples is shown in Fig 8.

(c) The mass ratio between the ash particles and KBr powder is deter-
mined by weighing; then, the number density of the ash spheres can
be calculated if the density of ash, the density of KBr, and the diam-
eter of the ash spheres are known. Then mix them sufficiently, taking
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Fig. 8. Stereoscan photograph of the particles.

about 0.1 g mixture into the disk-forming machine and using a pres-
sure of 200 kg · cm−2 to form a disk.

(d) Taking about 0.1 g of optically pure KBr powder into the disk-forming
machine and using a pressure of 200 kg · cm−2, a reference disk whose
thickness is the same as that of the sample disk is formed.

The transmittance of the disk was measured with a Fourier transform
infrared optical spectrometer (Nicolet 60 SXB FT-IR), whose wavelength
range is 1–25 µm. For reducing the influence of the KBr absorbance, first,
the transmittance of the reference disk was measured, which is saved in the
spectrometer, then the transmittance of the ash cloud can be determined
directly, and the influence of KBr is reduced. In addition to the transmit-
tance measurements, it is necessary to measure other non-radiative proper-
ties, such as the diameter of the particles, the density of the particles, and
the thickness of the disk.

5.2. Simulation Results

The experiment and inverse simulation for coal ash and man-made
ash, which have similar components to the actual ash, were carried out in
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Table II. Components of Two Kinds of Ash

Components SiO2 Al2O3 Fe2O3 CaO MgO Na2O K2O TiO2 SO3
Ash 64.25 22.34 5.43 0.90 1.37 1.09 2.50 1.15 0.97
Man-made ash 68.14 23.69 5.76 0.95 1.46 0.00 0.00 0.00 0.00
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Fig. 9. Complex refractive index of ash and man-made ash.

this work. The components of both kinds of ash are shown in Table II.
The simulation complex refractive indices are shown in Fig. 9.

From the experimental results and the simulation calculations of
the fly-ash in the spectral range of (1.0–25 µm), the ash shows selective
absorption in the infrared range: in the near infrared range of (1.0–
8.0 µm), the absorption index k is quite small (about 10−2 order); how-
ever, in the range of (8.0–10.0 µm), an absorption peak exists with a peak
of k (up to about 0.5). For ash particles, both the absorption index k and
refractive index n vary with wavelength, as expected. Thus, the refractive
index of ash could not be assumed to be a constant over the whole infra-
red range.
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6. CONCLUSIONS

A technique has been presented for which the complex refractive
indices of particles are deduced from the measured transmittance spec-
trum of a dilute monodispersion by use of the precise Mie theory and
the Kramers–Kronig relation. Compared with other methods employed to
determine the complex refractive indices, the present model has high pre-
cision, better adaptability, and a wide range of applications. By simulation
of ash particles of known refractive indices and an experimental study of
coal ash, the following conclusions are reached:

(a) Compared with the Rayleigh scattering model and the simplified Mie
model, the present technique adopted the precise Mie theory and
developed a new modified numerical method to solve the complex
function, which resulted in the model having higher accuracy, a more
unique solution, and wider applications.

(b) The computational errors of the present model have been thoroughly
analyzed. When the scattering is strong and the particle concentra-
tion is large, certain errors may be introduced while neglecting multi-
scattering. To reduce the error introduced by the single-scattering
approximation, a modified single-scattering method is employed here.
Meanwhile, since the spectral transmittance data may only be obtained
over a finite range of wavelengths, the extrapolation of the KK the-
ory will introduce some inherent error. However, high accuracy sim-
ulating methods (such as the solution of complex equations and the
calculation of a forward amplitude function) can decrease the error of
the numerical model.

(c) Considering the influence of experimental errors on the inverse model
results, the errors in the spectral transmittance may influence the
inverse results of k substantially but influence n only slightly.

(d) Finally, it should be emphasized that the technique developed here
has higher accuracy, a more unique solution, and wider applications.
Based on the present model, the refractive index inverse problem of
high temperature particles may be investigated in future studies.
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